In this paper we study the concept of characteristic numbers and Chern slopes in the context of curve configurations in the real and complex projective plane. We show that some extremal line configurations inherit the same asymptotic invariants, namely asymptotic Chern slopes and asymptotic Harbourne constants which sheds some light on relations between the bounded negativity conjecture and the geography problem for surfaces of general type. We discuss some properties of Kummer extensions, especially in the context of ball-quotients. Moreover, we prove that for a certain class of smooth curve configurations in the projective plane their characterstic numbers are bounded by 8/3.
Introduction
In the first part of this paper we investigate somewhat extremal properties of line configurations in the real and complex projective plane. Our motivation to study these line configurations is twofold, namely line configurations appear naturally in combinatorics (for instance in the so-called orchard problem [8] ) and it turned out that there is a surprising application of line configurations in the context of the so-called bounded negativity conjecture and the local negativity of surfaces. Let us present a short outline on the mentioned problems. Definition 1.1. Let X be a smooth projective surface. We say that X has the bounded negativity property if there exists an integer b(X) such that for every reduced curve C ⊂ X one has the bound The above definition leads to the bounded negativity conjecture [3, 10] , which is one of the most natural and intriguing problems in the theory of algebraic surfaces.
Conjecture 1.2 (BNC). An arbitrary smooth complex projective surface has bounded negativity.
It turns out that the BNC is not true over fields of positive characteristics due to the existence of the Frobenius morphism, which allows to construct easily a counterexample.
On the other hand, it is easy to construct surfaces with curves having arbitrary low self-intersection numbers. The easiest one is the blow up of the real or complex projective plane along a set of s >> 0 collinear points P 1 , ..., P s . Then one has L P 1 ,...,Ps = H − E 1 − ... − E s , where H is the pull-back of O P 2 (1), E 1 , ..., E s are the exceptional divisors, and (L P 1 ,...,Ps ) 2 = −s + 1. In order to avoid such trivialities one can consider the asymptotic version of the self-intersection numbers, namely in the case of blow ups f : X s → P 2 of the projective plane along sets P = {P 1 , ..., P s } of mutually distinct s 1 points we define the following constant
where the infimum is taken over all reduced curves C ⊂ P 2 . This constant is called the local Harbourne constant at P, and this notion was introduced for the first time in [4] . It turns out that there exists a uniform bound for the so-called linear Harbourne constants, which will be denoted in the sequel by H L . Instead of considering all possible curves, we restrict the setting of the local Harbourne constants to the strict transforms of reduced line configurations.
where Sing(L) denotes the singular locus of a line configuration L.
In fact, the authors have shown a little bit stronger result, namely one can replace sets Sing(L) by arbitrary sets of mutually distinct points P. The proof of this result is based on Hirzebruch's inequality. Given a configuration of lines L then by t k we denote the number of k-fold points (points at which exactly k lines from L intersect).
Let us now restrict out attention to the case of the real numbers. In 1941 E. Melchior [14] has shown that for configurations of k 3 lines with t k = 0 in the real projective plane one has the following inequality
Using the above inequality one can show the following result.
It is worth pointing out that Melchior's inequality is related to the famous orchard problem, i.e., using this inequality one sees that the number of ordinary lines in the real projective plane is at least 3 provided that there are at least 3 non-collinear points.
In general, our expectation is that the local Harbourne constants are bounded from below uniformly.
Now let us come back to a short discussion on linear Harbourne constants. Over the complex numbers we do not know whether there exists a line configuration such that H L ≈ −4. The most negative example is delivered by Wiman's configuration of lines W 45 [24] . This configuration consists of 45 lines and has exactly 120 triple points, 45 quadruple points, and 36 quintuple points. Of course W 45 cannot be realized over the real numbers due to the (dual) Sylvester-Gallai theorem which tells us that every real essential configuration of lines contains at least one double point. Easy computations show that
The real case seems to be a little bit more interesting since the bound from Theorem 1.5 is asymptotically achievable (i.e., when the number of lines in configurations k tends to infinity) and, which is also very remarkable, these configurations are strictly related to the orchard problem. In this paper we will consider three types of real configurations of lines, namely Böröczky line configurations, polyhedral (simplicial) line configurations, s-elliptic configurations, which have asymptotically the same value of H L and they have the same asymptotical Chern slopes (defined in Section 3), which also sheds some light on new relations between combinatorics of extremal line configurations, the bounded negativity problem and the geography problem of surfaces of general type. These numerical relations are formulated in Theorem 2.12. In addition, we show that these three real line configurations share the same asymptotic Chern slopes (and the same value of H L ) as the so-called Fermat line configurations, which do not have double points and thus they cannot be realized over the real numbers. Also we discuss some properties of the so-called Kummer covers, especially in the context of ball-quotients. In particular, we show explicitly that almost all simplicial and Böröczky line arrangements do not provide ball-quotients via Hirzebruch's construction -see Theorem 2.17.
In the second part of the paper, we show, in the spirit of Hirzebruch's paper [11] , that for transveral configrations of smooth curves in the complex projective plane their characteristic numbers (one of our Chern slopes defined in the note) are strictly less than 8/3 -see Theorem 3.6. It is worth pointing out here that in the case of line configurations we have a sharp bound given by 8/3 due to a result of Sommese [19] .
Line configurations and Chern slopes 2.1 Extremal line configurations
In this section we briefly recall previously mentioned line configurations. The first three configurations are defined over the real numbers. Moreover, Böröczky and s-elliptic line configurations deliver the maximal possible number of triple points for arrangements defined over the real numbers [8, Theorem 1.3] Example 2.1 (Böröczky line configurations). This construction can be found in [7] . We start with a regular k-gon inscribed in a circle O. We denote vertices of the this k-gon by P 0 , ..., P k−1 . For simplicity we assume in this note that k is even (of course one can handle with k odd, but it is a little bit more involving). Then we construct the first line by joining P 0 with P k/2 . In the next step we join P k/2−2 with P 1 and so forth. Of course, it may happen that P k/2−2i and P i coincide -then we draw the tangent line at P i to O. We obtain the configuration B k which consists of k lines, k − 3 + ε double points and 1 + ⌊
⌋ triple points, where
Example 2.2 (s-elliptic configurations). This example is taken from [11, p. 120] . Let D be a smooth plane cubic curve. Pick a flex to define the group law on the points of D. Let L be the lines dual to the points of a finite group U of order k and let w be the number of lines in L whose duals are flex points. Let E k be the union of the k lines. Then t 2 = k − w and
. Example 2.3 (Polyhedral line configurations). Let P k be a configuration of 2k lines where k of the lines are the sides of a regular k-gon and the other k lines are the lines of bilateral symmetry of the k-gon (i.e., angle bisectors and perpendicular bisectors of the sides). Then it is not hard to check that t k = 1 (this is the center of the k-gon), t 2 = k (these are the midpoints of the sides) t 3 = k 2 (these are the intersections of pairs of sides with the line of symmetry between the sides of the pair) and t r = 0 for r > 3. [23, Example II.6 .] Consider three non-collinear points of the projective space. Then we can construct a configuration F k of 3k lines with k 3 (each k lines pass through each point) in such a way that these 3k lines intersect exactly in k 2 triple points. For k = 3 this is exactly the well-known dual Hesse configuration consisting of 9 lines and 12 triple points. In general, we have t k = 3, t 3 = k 2 . Since every F k does not contain any double point thus it cannot be realized over the real numbers.
Example 2.4 (Fermat line configurations). This example is taken from

Asymptotic Chern slopes
In the celebrated paper [11] Hirzebruch studied the geography problem of surfaces of general type in the context of the Bogomolov-Miyaoka-Yau inequality [16] for the so-called Kummer extensions. [5] , [21] . Recently Langer has shown that the Bogomolov-Miyaoka-Yau inequality holds for smooth projective surfaces with non-negative Kodaira dimension defined over fields k with the additional assumption X can be lifted to the second Witt vectors W 2 (k) -we refer to his beautiful paper [13] for further details.
The idea of Hirzebruch was to study surfaces of general type which can be constructed using the Kummer extension. We briefly recall his construction.
Let L = {l 1 , ..., l k } ⊂ P 2 C be a configuration of k 4 lines such that t k = 0 and let n ∈ Z 2 . Now we can consider the Kummer extension of degree n k−1 and Galois group (Z/nZ) k−1 defined as the function field
which is an abelian extension of the function field of P 2 C . This function field determines an algebraic surface X n with normal singularities which ramifies over the plane with the configuration as the locus of the ramification. Hirzebruch showed that X is singular exactly over a point p iff p is a point of multiplicity m(p) 3 in L. After blowing up these singular points we obtain a smooth surface Y n . It turns out that Y n is of general type if t k = t k−1 = t k−2 = 0 and n 2 or t k = t k−1 = 0 and n 3. In the sequel we will called Y n := Y L n as the Kummer cover of order n k−1 . The natural arising question is whether it is possible to construct a ball quotient using Kummer extensions.
Example 2.7. Let n = 5 and consider the following real line configuration:
Then Y 5 is a ball quotient.
Recall that for a line configuration L and i ∈ {0, 1, 2} one defines
Summing up the most important observations from Hirzebruch's paper [11] , we get the following theorem. 
Definition 2.9. Let X be a smooth minimal complex projective surfaces of general type. The number
is called the Chern slope of X.
We refer to [18] for very recent results devoted to Chern slopes. If L k is a sequence of line configurations (like in the case of Böröczky line configuration etc.) it is natural to ask how the Chern slope for the Kummer cover Y L k n behaves asymptotically with n; k → ∞.
Definition 2.10. Let Y L k n be the Kummer cover of order n k−1 associated to a sequence of line configurations L k . Then
• the k-Chern slope is defined as
• the n-Chern slope (or the characteristic polynomial of L k ) is defined as
• the (k, n)-Chern slope is defined as
Definition 2.11. Let L k ⊂ P 2 be a sequence of line configurations of k lines. Then the asymptotic linear Harbourne constant at Sing(L k ) is defined as
Now we are ready to formulate our first result.
Theorem 2.12. Under the notions as above, we have the following equalities:
1.
Proof. Ad 1.) Observe that the local linear Harbourne constant of L k at Sing(L k ) has the form
where the last equality is the consequence of the well-know combinatorial equality
For other configurations computations are similar.
Ad 2.) Quite tedious computations lead to the following equalities:
Then taking limits with k → ∞ one gets the common polynomial
.
Ad 3.) This is a consequence of Ad 2).
Observe that for our extremal line configurations we have
Remark 2.13. In [11] Hirzebruch introduced for a line configuration L its characteristic number γ, which is defined as
, and he observed that γ = 5 2
In [19] Sommese has shown that for a line configuration L of k 6 lines one has the following inequalities
where the left-hand side inequality becomes equality for general line configurations (possessing only double points as singularities) and the right-hand side inequality becomes equality for the dual Hesse-configuration.
Theorem 2.12 presents a certain phenomenon, which can be further generalized.
Corollary 2.14. Suppose that L k ⊂ P 2 is a sequence of line configurations such that
and
In a similar way one sees that for k >> 0
which completes the proof.
Remark 2.15. Erdös and Purdy have shown that if L ⊂ P 2 R is a configuration of at least k 3 lines with t k = 0 and t 2 < k − 1, then there exists a positive constant c such that t 3 ck 2 .
Corollary 2.16. Suppose that L k ⊂ P 2 is a sequence of line configurations such that
At this moment we do not know whether there exists a sequence of line configurations in P 2 C such that the number of quadruple points has growth ck 2 + O(k) with c > 0, but the above corollary shows that if such configuration exists, then Ch k (Y 
, a contradiction with Theorem 1.5.
Ball quotients and Kummer covers
Let us come back to the configuration from Example 2.7. It is worth pointing out that this configuration can be realized both as P 3 and as B 6 , for simplicity let us denote it by T 6 . Now we calculate c 2 1 (Y T 6 n ) and
Observe that for n = 5 we obtain
for n 5 the sequence of slopes is decreasing with
On the other hand, plugging data into Hirzebruch's inequality, we get
Moreover, if we use the same data to the Melchior's inequality, then we get
(r − 3)t r = 3. 
Hirzebruch showed that for a line configuration with t k = t k−1 = t k−2 = 0 the quadratic polynomial P L k (n) is non-negative for every integer n ∈ Z. We need to show that P B k (n) > 0 for every n 2, k 8 and P P k (n) > 0 for n 2, k 4. After a simple change of coordinates x → n + 1 we can express P L k (n) as
For P k we have
Now it is easy to observe that P P k (x) has a minimum at k = 4, x = 3 with P P 4 (3) = 7, which completes the proof for P k . The quadratic polynomial for B k has the form
Again, it is easy to observe that P B k (x) has a minimum at k = 8, x = 1 with P B 8 (1) = 20.
Let us now consider Klein's configuration of lines [12] , which will be denoted in the sequel by K 21 . Firstly, K 21 consists of 21 lines and has exactly 28 triple points and 21 quadruple points. Moreover, this configuration cannot be realized over the real numbers. Observe that plugging this data into Hirzebruch's inequality one has . Again, some computations provide
and for n = 4 we obtain the maximal value of the Chern slope, which is equal to
This example shows that being a ball quotients is a very delicate property. It would be quite interesting to detect some other invariants which allow to decide whether a certain configuration of lines delivers a ball quotient as the Kummer extension.
d-configurations and their characteristic numbers
We start with the following definition.
Definition 3.1. Let C = {C 1 , ..., C k } ⊂ P 2 C be a configuration of k 4 curves. We say that C is a d-configuration if
• all curves are smooth of degree d 2,
• all intersection points are transveral,
For such configurations of curves we have the following combinatorial equality
We say that a d-configuration is general if t r = 0 for r 3. The key observation is that one can mimic Hirzebruch's argumentation in our setting of d-configurations [17] . The first step is to construct an abelian cover X n of order n k−1 branched along a given d-configuration and after the minimal desingularization we obtain the surface Y C n having the following characteristic numbers
Under the assumption that t k = 0 and n 2 one can show that Y C n has non-negative Kodaira dimension (in fact the canonical divisor is big and nef) and we can use the Bogomolov-Miyaoka-Yau inequality [15] , namely c
. This allows us to deduce the following Hirzebruch-type inequality for d-configurations with d 3.
For configurations of smooth conics we have the following result due to Tang (r − 4)t r .
In the spirit of Hirzebruch's paper we define the following characteristic number of a d-configuration C. It is worth pointing out here that the theory of d-configurations is substantially more complicated comparing with the theory of line configurations and we found only several papers strictly devoted to them.
At the end of the paper, we would like to address two quite challenging problems. 
